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Gautam Sharma,1, ∗ Sk Sazim,1, † and Arun K. Pati1, ‡
1Quantum Information and Computation Group, Harish-Chandra Research Institute,
Homi Bhabha National Institute, Allahabad, 211019, India
A measurement is deemed successful, if one can maximize the information gain by the measurement appa-
ratus. Here, we ask if quantum coherence of the system imposes a limitation on the information gain during
quantum measurement. First, we argue that the information gain in a quantum measurement is nothing but the
coherent information or the distinct quantum information that one can send from the system to apparatus. We
prove that the maximum information gain from a pure state, using a mixed apparatus is upper bounded by the
initial coherence of the system. Further, we illustrate the measurement scenario in the presence of environ-
ment. We argue that the information gain is upper bounded by the entropy exchange between the system and
the apparatus. Also, to maximize the information gain, both the initial coherence of the apparatus, and the final
entanglement between the system and apparatus should be maximum. Moreover, we find that for a fixed amount
of coherence in the final apparatus state the more robust apparatus is, the more will be the information gain.
I. INTRODUCTION
Unlike the Schro¨dinger evolution, quantum measurement
process is a non-unitary evolution of a physical system which
gives information about the physical quantity of interest. Ev-
ery measurement process has one key element: it establishes
correlations between the system and the apparatus [1]. These
correlations are both classical and quantum in nature. The
quantum part of the correlations is presumed to be entangle-
ment [2–5]. The more entanglement between the apparatus
and system is, the more successful will be the measurement
[6–10].
Recently, it has been shown that to create quantum correla-
tions between two subsystems, quantum coherence may pro-
vide the required initial resource [11, 12]. In such processes,
the amount of generated entanglement will always be less than
the initial coherence in one of the subsystems. In a generic
measurement process, this finding may help one to extract in-
formation present in the form of coherence of the system un-
der consideration. Moreover, it has been shown that quantum
coherence is connected with other important resource theories
as well [13, 14]. Furthermore, there exists another connection
between the quantum coherence and entanglement. For a bi-
partite system, the coherence of any subsystem and the entan-
glement of the total system respect a complementarity relation
[15]. We wonder whether this finding may assist in reduc-
ing the effect of environment during a measurement process.
These results alludes us to investigate the role of coherence in
quantum measurement setting.
If the system is prepared in one of the eigenstate of the ob-
servable, then measurement will yield the eigenvalue of the
observable with certainty. However, if the system is in a su-
perposition of eigenstates of the observable, then the mea-
surement outcome becomes probabilistic. Therefore, it is the
superposition or coherence content of the initial system that
is responsible for randomness in the measurement process.
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Then, a natural question comes to mind is that if coherence
also decides the information gain in a quantum measurement
process.
Though, information gain as well as information loss in a
measurement process, have been studied in the past [4, 16–
19], they are far from being complete. One may think that the
more entangled the apparatus and system are, the more will be
the information gain. However, in Ref.[17] it was shown that
the maximal possible information, we can extract, is exactly
equal to the classical correlations developed during the mea-
surement process , which is always upper bounded by the en-
tanglement. As quantum coherence is an important resource
and closely connected with entanglement, we would like to
investigate whether we can harness it to improve the informa-
tion gain (or, minimize information loss) in a measurement
process. This notion is physically appealing since one has
better control over the coherence of the system than the final
entanglement.
In this paper, we delve on how the quantum coherence of
the system and the apparatus affect the information gain dur-
ing a quantum measurement. In this work, we study the effect
of quantum coherence on the information gain in a measure-
ment. We consider a particular measurement setting and find
that the initial coherence of the system upper bounds the in-
formation gain. We also show that the information gain is
equal to the coherent information from the final state of sys-
tem to the apparatus. Further, we show that the information
gain is always less than the entropy exchange between the ap-
paratus and the system during the measurement. We prove a
complementarity relation between the disturbance caused to
the apparatus, information gain and the coherence of the final
state of the apparatus. We also find that in the presence of
environment, the more is the initial coherence of the appara-
tus, the more will be the information gain. Thus, the quantum
coherence of the system and apparatus play a decisive role in
information gain during a quantum measurement.
The paper is organized as follows: We begin by introducing
the relevant concepts required to describe our main results in
a prelude. In Sec. II, we discuss the role played by the coher-
ence of the system and coherent information in determining
the information gain. We extend our analysis to generic mea-
surement scenarios by including the effect of environment in
2Sec.III. We also discuss that the entropy exchange between
the system and apparatus, and disturbance caused to the appa-
ratus plays a pivotal role in determining the information gain.
Finally, we conclude in Sec. IV.
Prelude.– Before going to the main results, here, we in-
troduce the concept of the quantum coherence and classical
correlations. Quantum coherence arises due to the superpo-
sition principle. Unlike other resources, quantum coherence
is a basis dependent quantity, and we should fix a particular
basis, {|i〉} (i = 1 . . . d) inHd. The diagonal density matrices
in this basis are called incoherent states, denoted by the set I
[20–23]. An incoherent operation takes an incoherent state to
another incoherent state.
Any proper measure of the coherence C must satisfy the
following conditions [21, 24]: (i) It should not increase un-
der any incoherent operation; (ii) It is non-increasing un-
der selective incoherent operations on average, and (iii) It
does not increase under mixing of quantum states. There ex-
ist a numerous coherence measures in the literature but for
our purpose here, we focus on the relative entropy of coher-
ence. It is defined as CR(ρ) := S(ρ||ρD) [21, 24], where
S(ρ||σ) = −Tr[ρ log σ] − S(ρ) is the quantum relative en-
tropy and ρD =
∑
i〈i|ρ|i〉|i〉〈i| is a completely dephased ver-
sion of the state ρ in the basis {|i〉}.
The Holevo quantity is the maximum possible information
one can extract from a quantum ensemble {pi, ρi} [25] and it
is defined as
χ({pi, ρi}) =
∑
i
piS(ρi||ρ), (1)
where ρ =
∑
i piρi. The classical correlations [4] and the
Holevo quantity are related concepts [26]. A bipartite state
will have classical correlations if after application of rank
one Projective Operator Valued Measurement (POVM) (i.e.,
entanglement breaking operation) on one of the parties will
transform the state to either classical-quantum (CQ) or quan-
tum classical (QC) states [26], i.e., ρCQ =
∑
i pi|i〉〈i|C ⊗ ρiQ
or ρQC =
∑
i piρ
i
Q ⊗ |i〉〈i|C , where ρi are not orthogonal.
The classical correlations [4] of a quantum state ρSA is given
by
J = sup
pij

S(ρS)−
∑
j
pjS(ρS|piAj )

 , (2)
where ρS|piAj
are the post measurement states with probability
pi due to the application of projective measurements ({pij})
on the part A of ρSA. Then, the average post measurement
state will be of the form of QC state. Therefore, the classical
correlations of the state ρSA is equivalent to the maximum
possible mutual information of ρQC , i.e., J = I(ρQC) =
S(
∑
i piρi)−
∑
i piS(ρi), hence, the classical correlations is
nothing but the Holevo quantity [26].
II. QUANTUM COHERENCE OF SYSTEM AND
INFORMATION GAIN
Here, we ask whether the quantum coherence of the sys-
tem plays a role in determining the information gain during a
measurement process.
To answer the above query, we study the quantummeasure-
ment process in which the apparatus is initially in a mixed
state. We adopt and analyze the measurement process de-
scribed in Ref.[17], where the initial system is in a pure state
|ΨS〉 =
∑
i si|si〉 and the initial state of the apparatus is a
mixed state as given by ρA =
∑
i ai|ai〉〈ai|, with ai as eigen-
values of ρA and {|ai〉} as the eigenbasis. The measurement
process can be described by a unitary operator, U , which acts
on the system and apparatus together, such that
U(|si〉〈sj | ⊗ ρA)U † = |si〉〈sj | ⊗ ρij .
Here, we have assumed that the state |sj〉|ai〉 of system and
apparatus is transformed into, |sj〉|a˜ij〉. In an ideal measure-
ment process, the final states of apparatus corresponding to
different system states are orthogonal to each other and can
be distinguished perfectly. But more often, this is not the case
and the information extracted is not maximum. As we are try-
ing to extract maximum information of the system from the
apparatus, we assume the apparatus states |a˜ij〉 correspond-
ing to different system states to be orthogonal to each other,
i.e. , 〈a˜ij |a˜ik〉 = δjk . This unitary evolution allows us to de-
velop correlation between the system and the apparatus which
is given by
|Ψ〉S〈Ψ| ⊗ ρA → U(|Ψ〉S〈Ψ| ⊗ ρA)U † = ρS′A′ .
The final joint state in general is an entangled state as given
by [17]
ρS′A′ =
∑
i
|si|2|si〉〈si| ⊗ ρii +
∑
i6=j
sis
∗
j |si〉〈sj | ⊗ ρij .
Note that the first term on the right carries the extractable in-
formation due to measurement. To extract the maximum pos-
sible information from the system, we should be able to distin-
guish between the different post measurement apparatus states
ρii precisely. Themaximum amount of accessible information
from the apparatus is given by the Holevo quantity,
Im = S(
∑
i
|si|2ρii)−
∑
i
|si|2S(ρii). (3)
This quantity can also be identified with the classical correla-
tions of the state ρcS′A′ =
∑
i |si|2|si〉〈si|⊗ρii. Note also that
the state ρcS′A′ is only classically correlated although the final
state ρS′A′ has non-zero entanglement. It was argued that the
maximum possible information gain during the process may
not be identified by the entanglement developed in the sys-
tem and apparatus. This can be understood by the following
inequality [17]
ER(ρS′A′) ≥ Im. (4)
3where ER(ρAB) = minσAB S(ρAB||σAB), is the relative en-
tropy of entanglement [27, 28] and σAB is a separable state.
Now, we will show that during a quantum measurement the
information gain is actually equal to the coherent information
for the system and the apparatus state ρA′S′ . Using Eq.(3), we
can write the information gain as
Im = S(
∑
i
|si|2ρii)−
∑
i
|si|2S(ρii)
= S(ρA′)− S(ρA)
= S(ρA′)− S(ρS′A′)
= Ic(S
′〉A′), (5)
where we have used the fact that S(ρS′A′) = S(ρA) =
S(ρii), as ρSA evolves unitarity and ρS is pure. The quantity,
Ic(S
′〉A′) = S(ρA′)−S(ρS′A′) is the coherent information of
the final state from the system to the final state of the apparatus
[29, 30]. Hence, the extractable information is exactly equal
to the amount of distinct quantum information, one may send
from the system to the apparatus via measurement. Therefore,
this finding suggest that the extractable information is actually
of quantum origin even though it is captured by the classical
correlations. Next, we will prove a trade-off relation for the
information gain, the coherence of the apparatus states and
the mixedness of the initial apparatus state. If we fix a basis
for the apparatus, then CR(ρA′) = S(ρ
D
A′) − S(ρA′). Using
Eq.(5), we find that
Im + CR(ρA′) + S(ρA) ≤ logN, (6)
where S(ρA) denotes mixedness of the apparatus andN is its
dimension. This relation tells us that to maximize information
gain the coherence in the final apparatus as well as the mixed-
ness of the initial state of the apparatus should be as minimum
as possible. This relation is stronger than the one given in
Ref.[17], which reads is
Im + S(ρA) ≤ logN, (7)
i.e., the more mixedness in the apparatus state, the more diffi-
cult will be to extract the information.
Now, we ask how does the initial coherence of the system
govern the information gain? We will actually prove that the
initial coherence of the system puts an upper bound on the
information gain during the measurement. We can write the
initial coherence of the system state in the basis {|si〉} as,
CR(|Ψ〉〈Ψ|) = −
∑
i
|si|2 log |si|2,
which is exactly same as the maximum information possi-
ble in the measurement. This quantity is always greater
than the information gain, i.e., CR(|Ψ〉〈Ψ|) ≥ Im. The
above inequality comes from the fact that S(
∑
i |si|2ρii) ≤
−∑i |si|2 log |si|2 +
∑
i |si|2S(ρii) [25]. Hence, we get
CR(|Ψ〉〈Ψ|) ≥ Im = Ic(S′〉A′). (8)
Therefore, the extractable information is upper bounded by
the coherence of the initial state of the system. The reason
why the measurement process cannot extract maximum infor-
mation, (CR(|Ψ〉〈Ψ|)), is that the apparatus is mixed. This
can be understood by the complementarity relation between
the information gain and mixedness of the system given in
Eq.(7).
As the coherence of the initial systems can be better con-
trol than the entanglement in the final state ρA′S′ , our relation
given in Eq.(8) may be more useful operationally than Eq.(4).
In the limiting case of pure apparatus, the maximum informa-
tion gain is equal to the initial coherence of the system and
also to the entanglement developed between the system and
the apparatus [17].
III. COHERENCE, ENTANGLEMENT AND
INFORMATION GAIN IN PRESENCE OF ENVIRONMENT
We can generalize the above measurement scenario to a
more realistic one by considering the environment also. Note
that the environment here will not cause decoherence to the
system rather we will use it to purify the mixed state of the ap-
paratus, and hence, the initial joint state of the apparatus and
environment can be expressed as |ΨAE〉 =
∑
i
√
ai|ai〉|ei〉.
The transformation of the complete state is now given by
∑
i
si|si〉 ⊗ |ΨAE〉 −→
∑
i
si|si〉|ΨiAE〉,
where |ΨiAE〉 =
∑
j
√
aj |a˜ij〉|ej〉. One can easily see that
tracing out the environment gives the same post-measurement
state of the apparatus, which was obtained using only the
mixed apparatus. Now, the final joint state of system and ap-
paratus is obtained by the tracing out the environment, i.e.,
ρS′A′ =
∑
ij sis
∗
j (
∑
k〈ek||ΨiAE〉〈ΨjAE ||ek〉) ⊗ |si〉〈sj |. On
tracing out the environment we should get the the same post-
measurement joint state of system and apparatus. Therefore,
we should have
∑
k〈ek||ΨiAE〉〈ΨjAE ||ek〉 = ρij . Note that
during the whole process, the state of the environment remains
unaffected. For a better understanding of the Eq.(7), we can
look at the initial joint state |ΨAE〉 as a bigger pure apparatus
which can be used to extract the maximum information from
the system. However, as we have no access to the environ-
ment, we loose out some information.
In this section, we will prove that the information gain by
the apparatus can never exceed the entropy exchange between
the apparatus and the system during the measurement process.
Also, we can prove a new complementarity relation for the
information gain and the coherence content of the final state
of the system after measurement.
Note that when the system and the apparatus interact uni-
tarily, the apparatus undergoes a noisy quantum evolution (Φ)
as given by
ρA −→ Φ(ρA) =
∑
µ
AµρA
†
µ
= TrSE [U(|ΨS〉〈ΨS | ⊗ |ΨAE〉〈ΨAE |)U †] =
∑
i
|ai|2ρii.
4Now, the coherent information for the state ρA and chan-
nel Φ is Ic(A〉E) = S(Φ(ρA)) − S(Φ ⊗ I|Ψ〉AE〈Ψ|) =
S(ρA′)−S(ρA′E). This quantity represents howmuch entan-
glement is retained by the apparatus and the environment after
the apparatus interacts with the system. Since |ΨSAE〉 evolves
unitarily, we have S(ρA′E) = S(ρS′). Using the inequality
Ic(A〉E) ≤ S(ρA), we have S(ρA′)−S(ρA′E) ≤ S(ρA) and
hence
Im = S(ρA′)− S(ρA) ≤ S(ρA′E).
Since S(ρA′E) = S(ρS′) = Se is the entropy exchange be-
tween the apparatus and the system [31, 32], we have
Im ≤ Se. (9)
The entropy exchange Se is intrinsic property of the apparatus
and the dynamical map Φ that the apparatus undergoes. Also,
this represents the entropy increase of the system state if it
is initially in the pure state. Therefore, one can say that the
information gain by the apparatus can never exceed the en-
tropy exchange between the apparatus and the system during
the measurement. Next, one may ask is there any trade-off
relation between the information gain and the coherence of
the final state of the system in case of non-ideal measurement.
Using the above relation, we find that indeed they satisfy a
complementarity relation which is given by
Im + CR(ρS′) ≤ logM, (10)
where M is the dimension of the system. One may wonder
whether the evolved state of the system will have non-zero
coherence in the basis {|si〉}. However, we note that after the
interaction, we have ρS′A′ =
∑
ij sis
∗
j |si〉〈sj | ⊗ ρij , which
yields
ρS′ =
∑
ij
sis
∗
jTr[ρij ]|si〉〈sj |
=
∑
i
|si|2|si〉〈si|+
∑
i6=j
sis
∗
jTr[ρij ]|si〉〈sj |,
as Tr(ρii) = 1. Clearly, ρS′ is not diagonal in {|si〉} basis
unless Tr(ρij) = δij and therefore, has a non-zero coherence,
i.e., CR(ρS′) 6= 0.
Now, we will show the trade off relations between the en-
tanglement, coherence, and information gain by the apparatus
in the presence of environment. It was shown by Vedral [17],
that the entanglement between apparatus and environment and
the information from the measurement obey the following the
complementarity relation
ER(ρA′E) + Im ≤ S(ρA′), (11)
where ρA′ is the final state of the apparatus. It was argued that
for extracting larger information from the system, the final en-
tanglement between the apparatus and the environment should
be less. From Eq.(11), one can obtain the following comple-
mentarity relation involving the final entanglement between
apparatus and environment, extractable information, and final
coherence of the apparatus.
ER(ρA′E) + Im + CR(ρA′) ≤ logN. (12)
This equation tells that for extracting larger information, we
want both the final coherence of the apparatus and the final en-
tanglement between apparatus and environment to be small.
However, prima facie, this is not clear whether at the same
time the final coherence of the apparatus and the final entan-
glement between apparatus and environment will be small.
We will use a recently introduced complementarity relation
between coherence and entanglement to provide better intu-
ition in this regard.
For the bipartite system |ΨAE〉 we have CR(ρA) +
E(ρAE) ≤ logN [15], where E(·) may be any bona-fide
measure of entanglement. Although this relation is basis in-
dependent, but it does not properly reveal much information
about the dual nature of the two resources. However, without
loss of generality, if one can choose a preferred basis in which
the coherence of any sub-system is maximum (cf., [14]) then,
the relation becomes more relevant and informative. There-
fore, the correct interpretation of the complementarity rela-
tion is as follows: If we have large ”maximum” coherence of
a subsystem then the entanglement of the bipartite system will
be small and vice versa.
Note that the joint state of apparatus and environment un-
dergoes a local operation on its subsystem(apparatus), hence
the entanglementER(ρAE) can never increase. Therefore, we
also have the complementarity relation of the form CR(ρA)+
ER(ρA′E) ≤ logN . From this equation, we conclude that we
should have large initial coherence of the apparatus, to keep
the final entanglement between apparatus and environment
small. Now, we also have a complementarity relation between
final states of system and apparatus, CR(ρA′)+ER(ρA′S′) ≤
logN . This relation tells us that the more the final entangle-
ment between system and apparatus is, the less will be the
final coherence of the apparatus.
Therefore, it is clear from the above discussion and Eq.(12),
that to extract maximum information from a measurement
process, the final entanglement between the system and ap-
paratus should be maximum while the initial coherence of the
apparatus should be as large as possible.
A. Disturbance in the apparatus and information gain
It was shown in Ref.[17] that the more information about a
degree of freedom of a system one can gain during a measure-
ment, the more will be the disturbance in the system. Here,
we ask the opposite question: To maximize the information
gain, how robust the apparatus should be? When we treat the
measuring apparatus quantum mechanically, not only the ap-
paratus disturbs the system, but also the apparatus is disturbed
by the system. To answer this, we will introduce a legitimate
measure of disturbance for a quantum system discussed in
Ref.[33–37]. For a quantum state ρA evolving under a CPTP
(Completely Positive and Trace Preserving) map Φ [38], the
disturbance caused to the apparatus is given by
D(ρA,Φ) = S(ρA)− Ic(ρA,Φ),
where Ic(ρA,Φ) = Φ(ρA) − S(Φ ⊗ I(|Ψ〉〈Ψ|AE) is the co-
herent information and |Ψ〉AE is the purification of ρA such
5that ρA = TrE [|Ψ〉〈Ψ|AE ]. The quantity D(ρA,Φ) satisfies
the following desirable properties [34]: (i) It should be zero
iff the CPTP map is invertible on the state ρA, (ii) It should be
monotonically non-decreasing under the operation of succes-
sive CPTP maps, and (iii) It should be continuous on CPTP
maps and states. For completeness, we refer the reader to
Ref.[10, 34]. This measure has been used to investigate the
trade-off relation for quantum coherence and disturbance for
a quantum system.
Here, to quantify the disturbance to the apparatus during the
measurement process in presence of environment, we use the
above quantifier. For this particular scenario, the disturbance
to the apparatus caused during quantummeasurement is given
by
D(ρA,Φ) = S(ρA)− [S(ρA′)− S(ρA′E)].
Noticing the fact that Im = S(ρA′)− S(ρA) and S(ρA′E) ≤
S(ρA′) + S(ρE), we finally have
D(ρA,Φ) + Im + CR(ρA′) ≤ 2 logN (13)
where N is the dimension of the apparatus and the environ-
ment. This relation is tight in the sense that the disturbance
itself is bounded by 0 ≤ D(ρA,Φ) ≤ 2 logN . The Eq.(13)
tells a very interesting feature of the apparatus itself. For a
fixed amount of coherence of the apparatus final state, in or-
der to gain more information, apparatus should be disturbed
less. This is in agreement with the intuition that for maxi-
mal information gain, apparatus should be more robust during
interaction with the system.
IV. CONCLUSION
Quantum measurement process plays a fundamental role
and continues to hurl us with new insights. We have studied
the role of quantum coherence of the system and the apparatus
in a quantum measurement process. We consider a measure-
ment procedure, where the extracted information from a pure
state using a mixed apparatus, is upper bounded by the ini-
tial coherence of the system. Since, we have better control
over the initial coherence of the system compared to the final
entanglement between apparatus and system, our result pro-
vides a realistic estimate of the extractable information. In
addition, we show that, the extractable information is exactly
equal to the coherent information from the final joint state of
the system to the apparatus. This provides a new meaning to
the information gain as the amount of the distinct quantum
information that is being sent from the system to the appara-
tus. This finding shows us that the extractable information is
rather quantum in nature than classical. We also show that
the information gain by the apparatus is bounded by the en-
tropy exchange. Further, we prove trade off relation between
the information gain, disturbance, and coherence of the ap-
paratus. To give holistic description of the measurement, we
include the environment to purify the measurement apparatus
and we find that to extract more information from the mea-
surement, the apparatus should have large initial coherence
and we should be able to develop maximum entanglement be-
tween the system and apparatus. The measurement procedure
described here can be extended to more general measurement
scenario in which the evolved apparatus states are not strictly
orthogonal to each other. We hope that these findings will
provide new insights to the role of coherence and coherent
information in quantum measurement.
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